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Wave interaction in photonic integrated circuits

e Basis fields

o Straight channels
e Curved waveguides
e Localized resonances

e Hybrid coupled mode theory

Field templates
Amplitude discretization
Solution procedures
Supermode analysis

o Coupled straight waveguides
e Channel crossing

e Micro-ring circuits



Wave interaction in photonic integrated circuits

e Basis fields

o Straight channels

e Curved waveguides
e Localized resonances V x H — iwegeE = 0,
-V X E —iwpoH = 0,

Frequency domain,

e Hybrid coupled mode theory

¢ Field templates w = kc = 2mc /X given,
. Ampl.ltude discretization e =nl, n(x, . 2),
e Solution procedures
e Supermode analysis
e Coupled straight waveguides 2-D examples & specifics,
e Channel crossing 2-D (3-D) formalism.

e Micro-ring circuits



Straight dielectric waveguide
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Straight dielectric waveguide
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T 0.6 =0, w given, [ € R eigenvalue,
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TE, npb = 1.5, ng =2.0, d =1.0pum, A = 1.5 um,
Bo/k = 1.924
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Straight dielectric waveguide

X
T 0.6 =0, w given, [ € R eigenvalue,
E E : E
z I s —ipz N e
(H) (x,2) (H) (x)e 7= B, <H),

‘O
TE, npb = 1.5, ng =2.0, d =1.0pum, A = 1.5 um,
Bo/k =1.924, Bi/k = 1.697.
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Straight dielectric waveguide
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Straight dielectric waveguide

<

»oo¥aA



Waveguide bend




Waveguide bend

Ope = 0, w given, v = — i« € C eigenvalue,
Z E — E —iyRO ) E

TE, ny = 1.45, ny = 1.6, d = 1.0 um, A = 1.55 um.
1.

R = 1000 um

/\ B/k=1.540

El
£ 054 a/k=0
e

0.




Waveguide bend

B\ E
I —iyRO . -
- (H) (rye . K (H
TE, o = 145, ny = 1.6, d = 1.0 pm, A = 1.55 um.

M R =50 um
3 B/k=1526
S 051 o/k=234107
e
0.




Waveguide bend

= (B)mem. {w, @}

TE, ny = 1.45, ny = 1.6, d = 1.0 um, A = 1.55 um.

. R=10um

3 \\
S 051 ,
w B/k=1.488
ol J/ o/k=0.0166




Waveguide bend
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Waveguide bend
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Whispering gallery resonances

z Ope =0, me€Z, w° e Ceigenvalue,
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Whispering gallery resonances

z Ope =0, me€Z, w° e Ceigenvalue, {wf, <I§) }
E E —im® J
0) == e
<H> :9) <H> ()e {WGM(Z, m)}

0 = Rew®/(2Imw°), Ar = 2mc /Re wS, outgoing radiation, FWHM: AX = \./Q.



Whispering gallery resonances

Ope =0, meZ, w° e Ceigenvalue, {wf, (g) }
j

<fl> (0) = <g> (e, {WGM(Z, m)}

TE, R=7.5um, d =0.75 um,
ng = 1.5, np, = 1.0.

WGM(0, 39):
A = 1.5637 um,
0=1.1-10°

AX=14-107° um.



Whispering gallery resonances

Ope =0, meZ, w° e Ceigenvalue, {WJ‘P, (g) }
E E —imp J
0) =1~ e
<H> :9) <H> ()e {WGM(Z, m)}

WGM(0, 39), E, WGM(©, 39), E,|

M\ 77,

2
é 3
z S

TE, R = 7.5 um,
ng = 1.5, np, = 1.0.

X [um]

WGM(0, 39):
% _
v 5> Ar = 1.6025 pum,
TN 0=57-10,
AX=28-10"%um.




Whispering gallery resonances

Ope =0, me€Z, w° e Ceigenvalue, {

WGM(1, 36), [E,|

TE, R ="7.5um,
ng = 1.5, ny = 1.0.

WGM(1, 36):

Ar = 1.5367 um,
0 =22-10%
AX=7.0-10"*um.

0 0
z [um] z [um]

<fl> (0) = (fl> (e, {WGM(Z,@)}



Localized resonances




Localized resonances

c (H) (x,2)



A waveguide crossing
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A waveguide crossing




A waveguide crossing

Coupled Mode Model ?

10



Field ansatz

Aﬂf

Basis elements:

e modes of the horizontal WG

i f,b
W0 = () e
e modes of the vertical WG

E~ d
u, o
Pt (r.2) = (g,) (2) ¥

m



Field ansatz

|z Basis elements:

e modes of the horizontal WG
E, f,b
mem=Qﬁ<wﬁ¢%

e modes of the vertical WG

> Eu,d o
: v = () Qe

m

(E)(xz) = f(2)'(x,2) + b(2)9*(x,2) +Zum Y, (x, 2) +Zd ), (x, 2)
" Fo bty dz )



Amplitude functions, discretization

AI’

1-D linear finite elements

N
@) =) fio),
=0

b(z), um(x), dn(x) analogous.

- (Z)(x, z) = Zak <0A(')¢1> (x,2) = zk:ak (gi) (x, 2),

k

k € {waveguides, modes, elements}, ai € {fj, bj, umj, dmj}, ag: ‘7



Galerkin procedure

V x H — iwegeE = 0 (F *
—V X E —iwugH =0 G)’
- //K(F,G;E,H)dx dz=0 forall F, G,

where

K(F,G:E,H) =F* - (V xH) — G* - (V x E) — iwegeF* - E — iwpgG* - H .



Galerkin procedure, continued

E\ E;
Insert <H> = zk:ak (Hk>’

select  {u}: indices of unknown coefficients,
{g}: given values related to prescribed influx,

require //IC(EI,HZ;E,H)dx dz=0 for [ € {u},

compute Klk://K(El,Hl;Ek,Hk)dx dz.

Z Kya, =0, [ € {u}, (Kuu Kug) <Zu> =0, or

kefu,g} ¢

Kuutty = —Ky et .



Further issues

plenty.



Straight waveguide

w = 0.2 ym

H-n, =34-—
z
ny, = 1.45




Straight waveguide

x| A= 155um
\ w = 0.2 pm
R ET T VI
{ n, = 1.45

Basis element: forward TEy mode, fy = 1,
FEM discretization z € [—20,20] um, Az =2 pm,
computational domain z € [< —20,> 20] um, x € [—3.0,3.0] um.



Straight waveguide

zf A=1.55pum Basis element: forward TEy mode, fo =1,
FEM discretization z € [—20,20] um, Az =2 pm,
S T =34 — computational domain z € [< —20,> 20] um, x € [—3.0,3.0] um.

Re

-30 -20 -10 0 10 20 30
z [um]




Two coupled parallel cores

z A =1.55pum

ny = 1.45

n. = 3.4 (t)

w = 0.2 um (b)




Two coupled parallel cores

T A =1.55pum
\ n, = 1.45
> n, = 3.4 (t)
N g
\
> w = 0.2 um (b)
[

Basis:

forward TE(, modes of the individual cores,
input amplitude f, = 1,

FEM discretization:

z € [-20,20] pm, Az = 0.5 pm,
computational domain:

z € [—20,20] pm, x € [—3.0,3.0] pm.



Two coupled parallel cores

z A =155 um g =0.25um:
\ n, = 1.45 . : : : ;
> ne =34 ©®
N g
| z
> w = 0.2 pm (b)
[

Basis:

forward TE( modes of the individual cores,
input amplitude f, = 1,

FEM discretization:

z € [-20,20] pm, Az = 0.5 pm,
computational domain:

z € [—20,20] pm, x € [—3.0,3.0] pm.




Two coupled parallel cores

z A =155 um g =0.25um:

\ n, = 1.45 . : : : ;
D n. =34 (t)

N g

\ z

> w = 0.2 pm (b)

[

. -1r ]
Basis: . ' x r Y

forward TE( modes of the individual cores,
input amplitude f, = 1,

FEM discretization:

z € [=20,20] um, Az = 0.5 um,

computational domain:
z € [—20,20] pm, x € [—3.0,3.0] pm.

X [um]




Two coupled parallel cores

T A =1.55pum
\ n, = 1.45
> n, =34 ®
N g
\
> w=0.2um (b)
[

Basis:

forward TE(, modes of the individual cores,
input amplitude f, = 1,

FEM discretization:

z € [-20,20] pm, Az = 0.5 pm,
computational domain:

z € [—20,20] pm, x € [—3.0,3.0] pm.

Coupling length versus gap:
60 T

40

0 0.2 0.4 0.6 0.8
g [um]

oo o oo HCMT
——F—F exact
— — —— conv. CMT



Waveguide crossing

i

ng =3.4, np =145, A = 1.55um,
h = 0.2 pm, v variable, TE polarization.

Basis elements:
directional guided modes
of the horizontal and vertical cores.

FEM discretization:
z€[v/2—15um,v/2+ 1.5 um|, Az = 0.025 pum,
x € [w/2—=1.5um,w/2+ 1.5 um], Ax = 0.025 pm.

Computational window:
z € [-4pum,4 um], x € [—4 um,4 pm].




Waveguide crossing, fields

v = 0.45 um, bimodal vertical WG:

X [um]




Waveguide crossing, fields

v = 0.45 um, bimodal vertical WG:
reference

0
z [um]



Waveguide crossing, amplitude functions

v = 0.45 um, bimodal vertical WG:

-0.5 2SS
f Uy Yy
1
0.5
=
e = VAN
59 VRS
-0.5
b dy g,
-2 -1 0 1 2 -2 -1 0 -2 -1 0 1 2
z [um] X [um] X [um]




Waveguide crossing, power transfer

Py P
B,

PR, T,U,D

QUEP, reference
e e e 0o HCMT

PUJ' ’ PDJ

0.2f P Pijs
| PUO U1 .O::yo .....'-.
0 0.2 0.4 06 0.8



Ringresonator

TE, R=75um, w=0.6um, d =0.75pum, g =03 pum, ny, = 1.5, n, = 1.0, A = 1.55 um.



Ringresonator, field template

Basis elements:
e bus WGs:

’l’bf’b(x, Z) — (
e cavity:
EY .
w0 = (7)o,
vR — floor(ReyR + 1/2),
o & further terms.

el

£b
) e

=

(12 )0 2) =70 9(0.2) + 5 9°(05.) + €(0) (1.0,
r=r(xz), 0 =0(x,2). foboe: )



Ringresonator, HCMT procedure

1-D FEM discretization:

(@) = {fih
b(z) = {bj},

c(0) = {c}, identify nodes 0 and Ny,
r—r(x,z), 0 — 0(x,z2).

- (Z)(x, ) = Zak (a.(-)dfﬁ) (x,2) = Z%(Zﬁ) (x, 2),

k k
k € {channels, modes, elements}, ax € {f;, b;, c;}.
C» HCMT solution as before.



Single ring filter, spectral response

0
152 154 156 158 16 1.62 155 1.555 1.56 1.565 1.57 1.575
A [um] A [um]



Single ring filter, resonance




Excitation of whispering gallery resonances
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Excitation of whispering gallery resonances




Excitation of whispering gallery resonances

_9




Ringresonator, field template

e Frequency w given, ~ exp(iwt),
e bus channels:
E f,b ‘
e cavity, WGMs:
EY -
Yi(r,0) = (ﬁ>(r) e im, m; € Z.
J

e & further terms.

(1 )02 =@ w52+ b0 WP .2) + X w50,

r=r(x,z), 0 =0(x,z2). fib. g ?



Ringresonator, HCMT procedure

Channels: 1-D FEM discretization,

f@) = {fi}
b(z) — {bj}.

G ( ) ijaﬂ,b X, Z —i—Zb aﬂb (x,2 +ZCJ (x,2)

E
= Ya(g)wa wc b
C» HCMT solution as before. k



Single ring filter, spectral response

T 0.8
0.6
0.4
D

0.2

0.8

0.6

0.4

0.2

WGM(0, 39)

1.60




Single ring filter, spectral response

0.8

0.6

0.4

O}
8|

0.2

o

0.8

06 LSS WGEM(, 39)

04 WGMSs(0, 37-41)

0.2

1.54 1.56 1.58 1.60
A [um]



Single ring filter, benchmark

0.8

0.6 : ' - WGM-HCMT

0.4

0.2

1.54 1.56 1.58 1.60
A [um]



Single ring filter, benchmark

0.8

0.6

0.4

0.2

WGM-HCMT
‘='='='= BM-HCMT

1.54 1.56 1.58
A [um]



Single ring filter, benchmark

0.8

0.6

0.4

0.2

‘='='='= BM-HCMT

WGM-HCMT

conv. CMT

G-

1.54 1.56

A [um]

1.58



Single ring filter, benchmark

0.8
a 0.6 - WGM-HCMT
04 ‘=:=='= BM-HCMT
————— conv. CMT
0.2 o000 FDTD
.0
0 CCacoeaaes "’%.....,,,

1.54 1.56

A [um]

1.58



Single ring filter, WGM amplitudes

(1 Jouo) =@ wits
+ b(z) wng, 2)

+ Zj ¢ ¥ (x,2)



Single ring filter, WGM amplitudes

(1 Jouo) =@ wits
+ b(z) ¢b§X7 2)

+ Zj Gj ¢jc ()C, Z)

lc|, Rec, Imc [a.u.]

WGM(0,41)

WGM(0,40)

WGM(0,39)

YIRS
N
WGM(0,38)
’
R S R e R LN e
v o
»
WGM(0,37)
1.54 1.56 1.58 1.60

A [um]



Single ring filter, transmission resonance

X [um]




Single ring filter, transmission resonance

X [um]
X [um]

X [um]
X [um]




Single ring filter, transmission resonance

WGM(0,37) - WGM(0,41)

X [um]

X [um]




Single ring filter, resonance positions

1.54 1.56 1.58 1.60
A [um]



Single ring filter, resonance positions

1.54 1.56 1.58 1.60
A [um]



Supermodes

Look for w® € C where the system
{ V x H —iw’epeE = 0
—V X E —iw*ugH =0

permits nontrivial solutions E, H.

& boundary conditions: “outgoing waves” }



Supermodes

Look for w® € C where the system
{ V x H —iw’epeE = 0
—V X E —iw*ugH =0

permits nontrivial solutions E, H.

& boundary conditions: “outgoing waves” }

V x H —iw'epeE = 0 F\"
—V X E —iw’ugH =0 G/’
- //A(F,G;E,H)dx dz—wS//B(F,G;E,H)dx dz=0 forall F,G,

where A(F,G;E.H)=F"-(V xH)—-G"-(V xE),
B(F,G;E,H) =iecyeF* -E +iugG* - H .



HCMT supermode analysis

E E;
e Insert <H> = Zk:ak <Hk>’

e require //.A(EI,HZ;E,H)dx dz—ws//B(El,Hl;E,H)dx dz=0
forall [,

e compute Alk—//A<E1,H1;Ek,Hk)dX dz,

Blk://B(El,Hl;Ek,Hk)dx dz.

ZAlkak —w'Bja;y =0 forall I, or Aa=w'Ba.
k



HCMT supermode analysis

E E;
e Insert <H> = Zk:ak <Hk>,

e require //.A(EI,HZ;E,H)dx dz—ws//B(El,Hl;E,H)dx dz=0
forall [,

e compute Alk—//A<E1,H1;Ek,Hk)dX dz,

Blk://B(El,Hl;Ek,Hk)dx dz.

ZAlkak —w'Bja;y =0 forall I, or Aa=w'Ba.
S
¢ e {w, Ay O, AN; (E,H)} .



Further issues

plenty.



WGMs, small uniform perturbations

(e)
g
TE,R = 7.5 um, d = 0.75 um, n, = 1.0.
€m <>  WGM(wn; En,Hn), =
€+ Ae < WGM(wm + AUJ§ Em:Hm) ; 3,_
=

wmeo//Ae|Em|2dx dz
//(6m60|Em|2+HO‘Hm|2)dx dZ

Aw



WGMs, small uniform perturbations

(e)
g
TE,R = 7.5 um, d = 0.75 um, n, = 1.0.
€m <>  WGM(wn; En,Hn), =
€+ Ae < WGM(wm + AUJ§ Em:Hm) ; 3,_
=

wmeo//Ae|Em|2dx dz
//(6m60|Em|2+HO‘Hm|2)dx dZ

Aw



Single ring filter, resonance positions

1.54 1.56 1.58 1.60



Single ring filter, resonance positions

T
-
D
WGMs only
o

1.54 1.56 1.58 1.60



Single ring filter, resonance positions

!
T 0.8
0.6
-
0.4
0.2
0
WGMs only
WGMs
& bus cores o

1.54 1.56 1.58 1.60



Single ring filter, resonance positions

O}
8|

WGMs only

WGMs
& bus cores

WGMs
& bus fields

1

0.8

0.6

0.4

0.2

1.54 1.56 1.58 1.60



Single ring filter, unidirectional supermodes

WGM(0,39), EY

flitttt’
%,
ot

{

B 2
Ar = 1.5637 um,
0=1.1-10,

AN =1.4-1075 um.



Single ring filter, unidirectional supermodes

WGM(0,39), EY

flitttt’
%,
ot

{

X [um]

h 2] h 2fom]
Ar = 1.5637 pm, Ar = 1.5651 um,
0=1.1-10°, 0=1.1-10,

AN =1.4-1075 um. AN =14-1075 um.



Single ring filter, unidirectional supermodes

WGM(0,37-41) & bus fields, E

X [um]
* [um)

X [um]
X [um]

h 2] h 2fom] h 2fom]
Ar = 1.5637 pm, Ar = 1.5651 um, Ar = 1.5622 pum,
0=1.1-10°, 0=1.1-10°, 0=43-10%,

AX=14-107" um, AN =1.4-1075 um. AN =3.7-1073 um.



Single ring filter, bidirectional supermodes

WGM(0,37-41) & bus fields, E
= st i

S

x>
3
.

h 2fom)
Ar = 1.56219 um,
0=43-10°

AX=3.7-1073 um.



Single ring filter, bidirectional supermodes

WGM(0,37-41) & bus fields, E
——— A m m m m N

WGM(0,£37-+41) & bus fields, E

X [um]
x [um]

Vo
:
o

= +
-4
K
h 2fom) - 2fom) h 2ol
Ar = 1.56219 pm, Ar = 1.56223 pm, Ar = 1.56215 pm,
0=43-10, 0=44-10 0=4.0-10%

AX=3.7-1073 um. AX=3.5-10"% pum. AX=3.9-107% um.



Single ring filter, supermodes versus gap

4
¢]
Q
g 3
2
WGM(0,38)
1.6
g WGM(0,39)
TE, L1585 WGM(0,40)
R=175 pHm, d=20.75 pnm, WGM(O,41)
w = 0.6 um, 1.5
ng = 1.5, ny = 1.0. 0.2 0.4 0.6 0.8

g [um]



Single ring filter, supermodes versus gap

4
(@)
o
g 3
unidirect.
2
WGM(0,38)
1.6
E WGM(0,39)
TE, :L1.55 WGM(0,40)
R=175 pHm, d=0.75 pnm, 1 WGM(O,41)
w = 0.6 um, 5
ng =15, n, =1.0. 0.2 0.4 0.6 0.8

g [um]



Single ring filter, supermodes versus gap

TE,

R=75um, d=0.75um,
w = 0.6 um,

ng =15, n, =1.0.

4
(6]
=4
_8’ 3
2
1.6
B
=S
- 1.55
1.5

unidirect.
ooooooo bidirect.

WGM(0,38)
-
WGM(0,39)
[yt .
WGM(0,40)
o WGM(0,41)
0.2 0.4 0.6 0.8

g [um]




Coupled resonator optical waveguide




CROW, spectral response

0.8

0.6
0.4
0.2

0.8

0.6

0.4

0.2

1.560 1.564 1.568
A [um]



CROW, spectral response

L LWL L L

1.560 1.564 1.568
A [um]



CROW, spectral response

0.8

0.6

0.4

0.2

L LWL L L

0.8

0.6

0.4

0.2

1.560 1.564 1.568
A [um]



CROW, supermode pattern

|c|, Rec, Imc [a.u.]

cavity #

kr/pm
1.5601

1.5606
1.5615
1.5628
1.5643
1.5658
1.5673
1.5684

1.5692



Three-ring molecule




Three-ring molecule




Three-ring molecule, supermodes

Template: 3 x WGM(O, j:39) ~~ 6 supermodes.

) ) 0, o) o)
Symmetries: C/é*‘e‘ C 'e‘ C C/é*'o' C/(')te)' Coc(j_




Three-ring molecule, supermodes

Template: 3 x WGM(0,+39) ~~ 6 supermodes.

D) A D) V) ~o) )
Symmetries: C/Eie)‘ C/f')*;e)‘ CE:) C/g*'o' C/gie)' Cg:(j_

Ar = 1.56946 pum,
0=13-10°,
AX=1.1-1075 um.

0 5 10 15 20 25 30
z[um]



Three-ring molecule, supermodes

Symmetries: €0 €
ymmetries: ¢ ) g

Cgro

")
2 )

Template: 3 x WGM(0,+39) ~~ 6 supermodes.

o . oo

V)

Ar = 1.56715 pm,
0=12-10°,
AX=1.3-1075 um.



Three-ring molecule, supermodes

Symmetries: C

C.»

")

Template: 3 x WGM(0,+39) ~~ 6 supermodes.

C/e’ C/o;) Co \)

Ar = 1.56714 pm,
0=0.9-10°,
AX=1.7-1075 um.



Three-ring molecule, supermodes

Symmetries: €0 €
ymmetries: ¢ ) g

Cgro

")
2 )

Template: 3 x WGM(0,+39) ~~ 6 supermodes.

o . oo

V)

Ar = 1.56235 pm,
0=10-10°,
AX=1.6-1075 um.



Three-ring molecule, supermodes

Template: 3 x WGM(0,+39) ~~ 6 supermodes.

Symmetries: C:Eg‘ C/f')%‘ C§3 C\(}Q_ \QQ- ng_

3
Xy

'f
e
%‘gm‘
4
IIIIni“

%

¥
'\\a

2
S8

X [um]
‘;11117,
Y
%
55

Ar = 1.56234 um,
0=10-10°,
AX=1.5-1075 um.

‘il T
v
f
X I:HIX“

o

0 5 10 15 20 25 30
z [um]




Three-ring molecule, supermodes

Template: 3 x WGM(0,+39) ~~ 6 supermodes.

Symmetries: C:Eg‘ C/f')%‘ C§3 C\(}Q_ \QQ- ng_

X [um]

e

A

o
&
Ly

%8

Ar = 1.55988 um,
0=12-10°,
AX=1.3-1075 um.

st



Three-ring molecule, excitation

WGMs only

0.8f

T, R
o
IS

1.555 1.56 1.565 1.57
A [um]



Three-ring molecule, excitation

WGMs only
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Concluding remarks

Hybrid Coupled Mode Theory:

an ab-initio, quantitative, quite general CMT variant,
very close to common ways of reasoning in integrated optics,

alternatively: a numerical (FEM) approach with highly specialized base functions,
reasonably versatile:

ooE@E

=
ooE@

= LH
- = mEm. _=—

— 0 O —
00 @@ 95 | 00 1000000000

@)

extension to 3-D: numerical basis fields, still moderate effort expected (in progress).



— supplementary material —



Waveguide crossing, fields (II)

v = 0.45 um, bimodal vertical WG:
reference

0
z [um]



Waveguide crossing, fields (II)
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Waveguide crossing, power transfer (II)
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Waveguide Bragg reflector

TE, ng = 1.6, ny, = 1.45,
p=1538um, s = 0.281 um,
N, =40, W =9.955 um.
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Waveguide Bragg reflector
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Waveguide Bragg reflector

- S
sl

TE, ng = 1.6, n, = 1.45,
p = 1538 um, s = 0.281 um,
N, =40, W =9.955 um.

0 . . .
15 1.52 1.54 1.56 1.58 1.6
A [um]

BEP, reference,
— — — — HCMT.



Grating-assisted rectangular resonator

ng = 1.60, n, = 1.45,
w=1.0um, g = 1.6 um,
W = 9.955 um,

L =79.985 um,

p = 1.538 um,

s = 0.281 um,

N, = 40.
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Grating-assisted rectangular resonator
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Grating-assisted rectangular resonator
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Single ring filter, transmission, bidirectional template
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Single ring filter, transmission, bidirectional template
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Micro-disk resonator, spectral response
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Micro-disk resonator, spectral response
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Micro-disk resonator, spectral response
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Micro-disk resonator, spectral response
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Micro-disk resonator, spectral response
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Micro-disk resonator, spectral response
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Micro-disk, resonant fields (0)
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Micro-disk, resonant fields (0)
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Micro-disk, resonant fields (0)
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Micro-disk, resonant fields (1)

WGM(1,35), E,
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Micro-disk, resonant fields (1)
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Micro-disk, resonant fields (1)
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CROW, spectral response
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CROW, spectral response
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Fast evaluation of spectral properties

Time consuming: evaluation of modal “overlaps” Ky in K:
Klk = / IC(EZ,HZ;Ek,Hk)dde.

All properties of the modal basis fields change but slowly with A;
rapid spectral variations are due to the solution of the linear system involving K.

~~ Interpolate K(\):

3 3
- )\ Al = )\a ~\p,
1 + —Ap, Al +4 b

e compute only Ky = K()\g) and K; = K()\) dlrectly,

A—A
o (K= Ko

e Interval of interest A € [A\y, \p], Ao :=

e interpolate K;(\) = Ko +

e solve for a(\) with K;(\).



Computational window
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Abstract scattering problem

z,y Q: domain of interest,

- -

//("‘ Q V xH—iwqeE =0 .
%> \ —~V x E — iwpoH = 0
2
k\a S
L~

B

,  for given frequency w, permittivity € = n
1

ol = , S: an exemplary port plane,
... - waveguides enter €2 through S.




Abstract scattering problem

z,y Q: domain of interest,

(1 a V xH—iwqeE =0 .
= “‘ -V X E —iwugH =0

k\( g y for given frequency w, permittivity € = n?
—

ol = , S: an exemplary port plane,
... - waveguides enter €2 through S.

Variational form including suitable boundary conditions ?

B



Boundary conditions

Ingredients:

e Complete set of normal modes on S,
(E,, £H ) (x,y) <> propagation along +z.

e Producton S: (A,B) = //(A X B) - e, dxdy.
s

¢ Modal orthogonality properties (E;, Hy) = 6uNi, Ny = (Ey, Hy).

“Any” electric field E and magnetic field H on S can be expanded as

1 .
(B L),

m

E = ZemEm, em
m

H = Z hH s i
m



Boundary conditions

Ingredients:

e Complete set of normal modes on S,
(E,, £H ) (x,y) <> propagation along +z.

e Producton S: (A,B) = //(A X B) - e, dxdy.
s

¢ Modal orthogonality properties (E;, Hy) = 6uNi, Ny = (Ey, Hy).

“Any” electric field E and magnetic field H on S can be expanded as
1 - _ 1 -
- (E Hy), H= ;hmHm, fin = B, H),

E = ZemEm, e = —
E . Em Em fm = (em + hm)/27
o () =2 () + X () b = (en — i) 2

(transverse components only).



Transparent influx boundary conditions (TIBCs)

...on S for inhomogeneous exterior, incoming waveguides:

E = ZZF E, Z L (B, H)E,,

Nm

H:Z2FH Z

_ . (E\ E,
F: 1nﬁux given coefﬁ01ents of incoming waves; <H> ) = Z F <~ ) .

inc "




Transparent influx boundary conditions (TIBCs)

...on S for inhomogeneous exterior, incoming waveguides:

E = ZZF E, Z L (B, H)E,,

Nm

H:Z2FH Z

E
F: 1nﬁux given coefﬁ01ents of incoming waves; <H> . = Z F,

C m

C» Forageneralﬁeldoftheform( ) me<~ >+Zb ( >

the TIBCs require f,,, = F,,, while b,, can be arbitrary.



Frequency domain Maxwell equations, variational form

Consider the functional

L(E,H) = // {E-(VxH)+H-(V xE) — iwegeE* + iwpoH* }dx dydz
Q
(cf. e.g. C. Vassallo. Optical Waveguide Concepts. Elsevier, Amsterdam, 1991).
First variation:

SL(E,H;0E,éH) = // {20E - (V x H — iweycE)
Q
+26H - (V x E + iwpoH) }dxdy dz

- / {(nxE)-6H+ (nx H)-0E} dA.
a0

Stationarity 0 L(E, H; 0E,0H) = 0 for arbitrary JE, 6H implies
o that E, H satisfy the Maxwell equations in €2

o and that transverse components of E and H vanish on 0f).



Variational form of the scattering problem

... based on the functional:

F(E,H) = ///Q {E-(V xH)+H-(V x E) — iwegeE* + iwpoH* }dx dy dz
- ZZFm {<EmaH> - <E3Hm>}

+ Z 2]17,,1 {(Em>H>2 - <E7Hm>2}



Variational form of the scattering problem, first variation

///Q {20E - (V x H — iwegeE)

+26H - (V x E + inOH }dxdydz

+ ZZFE +Z Em,HEm, SH)

SF(E,H;SE, 5H)

;  — (6E,H- ZszH +Z E.H,)H,)

- // {(n xE)-6H+ (n xH)-0E} dA.
D0\S



Variational form of the scattering problem, first variation

SF(E,H;SE,’H) = / / / {20E - (V x H — iwegeE)
Q
+26H - (V x E + inOH }dxdydz

+ ZZFE +Z Em,HEm, SH)

;  — (6E,H- ZszH +Z E.H,)H,)

- // {(n xE)-6H+ (n xH)-0E} dA.
D0\S

Stationarity . F (E, H; 0E,dH) = 0 for arbitrary JE, §H implies
o that E, H satisfy the Maxwell equations in 2,

o that E, H satisfy TIBCs on S,

e and that transverse components of E and H vanish on 9Q\S.



Variational HCMT scheme

F(E,H)



Variational HCMT scheme

H) = Zak<Ek7Hk)
F(E.H) : — Fia)

Restricted functional:

a) = Z a;Fya + ZR[CZ[ + Z aiBy.ay ,
Lk l Lk

Flk:// {E[(VXHk)+H[(VXEk)
Q
—iwegeE; - Ex + iwpoH, - Hy }dxdydz,
ZZF {(En,H)) — (E;,Hp)}

Blk—zzfv (E, Hi) ([, H) — (1 Hy) B )

+ contributions R, B from other port planes.



Variational HCMT scheme

F(E,H)

Restricted functional:

Fi(a)=a-Ma+R-a.



Variational HCMT scheme

F(E,H) = F(a)

Restricted functional:

Fi(a)=a-Ma+R-a.
Require §.F; = da - ((M + MT> a—+ R) =0 forall da,

(M+MT)a+R:0,

-
-

fm’ bmv un’h dma Ea H'



Comments

Variational HCMT scheme:

¢ Expansions at the TIBC ports reduce to single terms.

xum]

e Bidirectional basis fields are required for all channels.

Alternative functional:
C(E,H) = // {E*(V xH)—H" (V XE)
Q
— iwegeE™ E + iwpoH* H }dxdy dz.

Extend C by boundary integrals such that
‘) e the boundary terms in §C cancel

- the Galerkin scheme could be viewed as a variational restriction of C.

[ e TIBCs are satisfied as natural boundary conditions if C becomes stationary
-+ variational scheme with complex conjugate fields.
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