A variational formulation
of guided wave scattering problems

— hybrid analytic / numerical coupled mode modeling
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Abstract scattering problem
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(2: domain of interest,

—VXE—iw,LLOH:O

for given frequency w, permittivity € = n

V x H — iwegeE = 0 } |
in €

2

S: an exemplary port plane,
waveguides enter {2 through S.
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Abstract scattering problem

_______ R (2: domain of interest,
(SIS |
. V x H —iwegeE =0 ,
\ , in ()
o \ —V X E —1wugH =0

K\k S : for given frequency w, permittivity € = n?

I
—T= N S: an exemplary port plane,
O__ < . S/ waveguides enter {2 through S.

Variational form including suitable boundary conditions ?
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Outline

e Guided wave scattering problems
e Transparent influx boundary conditions
e Variational formulation

e Hybrid analytic / numerical coupled mode theory
e Template, discretization
e Variational scheme
e Results, waveguide crossing

e Comments



Boundary conditions

Ingredients: (3 O
e Complete set of normal modes on 5, %>
(Epm, £H ) (z,y) <> propagation along +z. K\k S
| 2 /!

e Producton S: (A, B) = //S(A X B) - e,dxdy. T -

e Modal orthogonality properties <El, I~{k> — 01N, N = <Ek, I~{k>

“Any” electric field 2 and magnetic field H on S can be expanded as

1 | R

E:ZBTI’LE’ITL, em:N—<E7ﬁm>, H:thﬂma hm:N—<Em7H>a



Boundary conditions

Ingredients: (3 O
e Complete set of normal modes on 5, %>
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— m~ma m — 7 7~m, — m~m, m:—EmaHa
E %:e E,, e Nm<EH ), H ;h H,, h Nm< )
E Em Em m:(em+hm)/27
— m a bm ot )
. (H) 2.1 (Hm> > (—Hm> b = (em — hm) /2

(transverse components only).



Transparent influx boundary conditions (TIBCs)

AiU, Y o
(I
....on S for inhomogeneous exterior, incoming waveguides: %> 3
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Transparent influx boundary conditions (TIBCs)

... on S for inhomogeneous exterior, incoming waveguides: %>
. 1 - - K\k S

~
-~
-
______
~

H = ZQlezIm o ZNL<E713Im>Hm§

. . . o E E,,
F,,: influx, given coefficients of incoming waves; (H) = Z F, ( ) :

inc m

E E E
C» F 1 field of the f — E =" E by, o
or a general field of the form (H) A f (Hm> + (_ i,

the TIBCs require f,, = F},, while b,,, can be arbitrary.
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Frequency domain Maxwell equations, variational form

Consider the functional

L(IEH)= // {E-(VxH)+H-(V xE)—iweeE* +iwugH" }dr dy dz
Q
(C. Vassallo. Optical Waveguide Concepts. Elsevier, Amsterdam, 1991).
First variation:

OL(EH;0E,0H) = // {25E- (V x H —iwegeF)
Q
+20H - (V x E +iwpoH) }dzdydz

= / {(mxE)-6H+ (nxH) §E} dA.
of2

Stationarity 0L(E, H;0E,dH ) = 0 for arbitrary 0 E/, § H implies
e that F/, H satisfy the Maxwell equations in {2

e and that transverse components of E and H vanish on 0f2.



Variational form of the scattering problem

... based on the functional: Tee .
F(E,H) = // {E-(VxH)+H (VxE)—iweeE” +iwpgH? }dr dy dz
Q
= Y 2B {(Bu H) — (B, H..) }

~

T Z ﬁ {<EmvH>2 o <E7H’m>2}



Variational form of the scattering problem, first variation

0F(E,H;0E,0H) = // {25E-(V><H—iweer)
Q

+20H - (V x E + iw,uOI—I }da: dy dz

X, Y ~
//«é———"@"x\ " ZQF m+Z Ew, 0H)
%Z ~ (6E, H — ZzF Hm+z ) H )
o[ 2
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_ // {(nx E)-6H + (nx H)-§E} dA.
90\ S



Variational form of the scattering problem, first variation

0F(E,H;0E,0H) = // {25E-(V><H—iweer)
Q

+20H - (V x E + iw,uOI—I }da: dy dz

7% BEA + ZQF m+z H)E,,, 6H)

(S i — (6E, H - Z2F Hm+z H,)H,,)

~ -~ o
-
——————

_ // {(nx E)-6H + (nx H)-§E} dA.
90\ S

Stationarity 6 F (E, H; 6 E,0H) = 0 for arbitrary 0 E, 6 H implies
e that £/, H satisfy the Maxwell equations in (2,
e that 7, H satisfy TIBCs on S,

e and that transverse components of E and H vanish on 002\ S.



Hybrid coupled mode theory: waveguide crossing

IS Basis elements:

e guided modes of the horizontal WG

i f,b ot
: — = }) U (2, 2) = (H) (z) eF10m 2,

— .

B e guided modes of the vertical WG

2 " i G
u,d _ [ £ +10,,, T

| — P (x, 2) (H>m (z)e

(ﬁ)@’ 2) = D S (@, 2) + ) bn (2 (@, 2)

+ Z U (X)W (2, 2) + Z A ()3 (2, 2) frms bms Uy i ?



Amplitude functions, discretization

| 1-D linear finite elements

6"
| 7)) Q anN
TN T
> > 0 ZIO <1 ZIQ | IZN—I ZIN ?
| |

|
[
<0

L B

“N b (2), um (), dp(x) analogous.

- (g)(:ﬁ,z) = Zak (O‘-(°)¢I(ﬂ7az)) =: Zak (g’;)(:c,z),

k k

k € {waveguides, modes, elements}, ar € {fimi,bm i, Umj;dm. i}
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Variational HCMT scheme

F(E,H)

11



Variational HCMT scheme

(E,H) =) ay(Ey, Hy)
F(E, H) i - 7.(a)

Restricted functional:

Fr(a) = Z aFipar + Z Ria;+ ) a;Bpay

[,k
sz—///{Ez (VxHp)+ H;-(V x Ey)
—iwegel) - By +1wuoH - Hk}dacdydz,
__ZQFm{<Em7HZ>_<EZ7ﬁm>}7

B =3 v { B H) B Hi) = (B o) B o}

+ contributions R, B from other port planes.
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Variational HCMT scheme

F(E,H)

Restricted functional:
Fi(a)=a-Ma+ R-a.
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Variational HCMT scheme

(E,H) =) ay(Ey, Hy)
F(E, H) - - F.(a)

Restricted functional:
Fi(a)=a-Ma+ R-a.

Require 0F; = da - ((M + I\/IT) a + R) = 0 forall ¢a,

-

(M+M")a+R=0,
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Waveguide crossing, results

ng = 3.4, nyp, = 1.45, A = 1.55 pum,
h = 0.2 pm, v variable, TE polarization.
Ny (%
A L ! J’/\t_ Basis elements:
= > guided modes of the horizontal
B { TV\ { and vertical cores
@[ h i 0 =z ? (directional variants).
T
PR FEM discretization:
z € w/2—-1.5pum,v/2+1.5pum], Az = 0.025 pum,
x € [w/2—1.5pm, w/241.5 um], Az = 0.025 pm.
(%
Computational window:
z € [—4pum, 4 pm], x € [—4 pm, 4 pm].
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Waveguide crossing, fields

v = 0.45 pm:

z [um]

reference

X [um]
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Waveguide crossing, amplitude functions

ACIZ’

A
—
v = 0.45 pm:
1 N
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/— ___________
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R [P \ B — . — .
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Waveguide crossing, power transfer

8 O 0-0-0-0—0-90 -0 0 0 0. 0-0-0-0-—0-90-0 0. 0 6 0-0-0-0-—0-900 0 0 &

QUEP, reference
oo 000 HCMT

PUj ’ PDj
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Comments

HCMT scheme based on a variational form
of the guided wave scattering problem:

e Expansions at the TIBC ports reduce to single
terms due to modal orthogonality.

e Bidirectional basis fields are required for all
channels in the field templates.

X [um]

Alternative functional:

C(E, H) :///Q{E*- (V x H) — H" (V x E)

— iwege B E + iwpuoH™ H}dx dy dz.
Extend C by boundary integrals such that

e the boundary terms in 0C cancel -—» the Galerkin scheme
(OWTNM’06) could be viewed as a variational restriction of C.
O e TIBCs are satisfied as natural boundary conditions if C becomes
stationary - variational scheme with complex conjugate fields.
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